SINGULAR INTEGRALS ON AHLFORS-DAVID REGULAR SUBSETS 

OF THE HEISENBERG GROUP 



VASILIS CHOUSIONIS AND PERTTI MATTILA 



Abstract. We investigate certain singular integral operators with Riesz-type kernels 
on s-dimensional Ahlfors-David regular subsets of Heisenberg groups. We show that L^- 
boundedness, and even a little less, implies that s must be an integer and the set can 
be approximated at some arbitrary small scales by homogeneous subgroups. It follows 
that the operators cannot be bounded on many self similar fractal subsets of Heisenberg 
groups. 



1. Introduction 

In this paper we study certain singular integral operators on lower dimensional, in 
terms of Hausdorff dimension, subsets of the Heisenberg group H". We shall first review 
analogous results which are known to be true in R". We shall study Ahlfors-David regular 
and somewhat more general sets and measures: 

Definition 1.1. A Borel measure /i on a metric space X is Ahlfors-David regular, or 
AD-regular, if for some positive numbers s and C, 

r^/C < fi{B{x,r)) < Cr" for all x G spt yU, < r < diam(spt/i), 

where spt /i stands for the support of /i. 

In M" the most well known relevant singular integral operators for such s-dimensional 
AD-regular measures are those defined by the vector- valued Riesz kernel | 
The basic question is the validity of the L^-boundedness: 



dfix < C \g\ dn (1.1) 



' X\B{x,r) F ~ y\ 

for all g G Iv^(/i) and all r > 0. 

Vihtila showed in |Vi] that if this L^-boundedness holds for some non-trivial s-dimensional 
AD-regular measure in M", then s must be an integer. Moreover, it was shown in |MPaj 



and jM3] that in this case /x can be approximated almost everywhere at some arbitrar- 
ily small scales by Hausdorff s-dimensional measures on s-planes. In our main theorem. 
Theorem 13. H we prove natural analogues of these results in H". 



2000 Mathematics Subject Classification. Primary 42B20,28A75. 

The authors are grateful to the Centre de Recerca Matematica, Barcelona, for providing an excellent 
working enviroment during the thematic semester "Harmonic Analysis, Geometric Measure Theory and 
Quasiconformal Mappings" , where parts of this paper were written. Both authors were supported by the 
Academy of Finland. 

1 



2 



VASILIS CHOUSIONIS AND PERTTI MATTILA 



It is an open question in M", and will remain as such also in H", whether above 'some 
arbitrarily small scales' could be replaced by 'all sufficiently small scales'. This would 
mean that fi would be a rectifiable measure. Even more could be expected: for AD- 
regular sets in M."' the L^-boundedness could be equivalent to the uniform rectifiability in 
the sense of David and Semmes, the converse is known to hold, see [DS] . This equivalence 
is valid for 1-dimensional AD- regular sets in M" by |MM Vj . The proof is based on a 
relation between the Riesz kernel, I G M", and the so-called Menger curvature, see 

e.g. |Paj and |Vej . It is not clear to us if a similar strategy can be followed in our setting 
as we don't know if an analogous relation holds true in the Heisenberg group. 

In the last section of the paper we discuss some self-similar sets to which our results 
apply. First we modify ideas of Strichartz from [Stj to construct standard Cantor sets on 
which the Riesz transforms cannot be L^-bounded. These are kind of analogues of the 
Garnett-Ivanov Cantor sets (see jT]) which many authors have used as examples to study 
and illustrate Cauchy and Riesz transforms and analytic and harmonic capacities. In fact, 
we shall prove the non-boundedness of our Riesz transforms on more general self-similar 
sets. 

2. Notation and Setting 

For an introduction to Heisenberg groups, see for example [CDPT] or |BLUj . Below we 
state the basic facts needed in this paper. 

The Heisenberg group H", identified with M^""*"^, is a non-abelian group where the group 
operation is given by, 

P ■ g = (Pl + gi, ..,P2n + g2n,P2n+l + '?2n+l + A{p,q)), 

where 

n 

^(P, g) = -2 ^{Piqi+n - Pi+nQi)- 

i=l 

We will also denote points p G H" hj p = {p' , p2n+i) , p' G ]R^'^,p2n+i G IR- For any q G 
and r > 0, let Tg : EI"' H" be the left translation 

'Tqip) = q-p, 
and define the dilation 6r : — ^ H" by 

Srip) = {rpi,--,rp2n,r'^P2n+l)- 

These dilations are group homomorphisms. 
A natural metric d on H" is defined by 

d{p,q) = \\p'^ ■ q\\ 

where 

Ibll = i\\iPl,-;P2n)\\i2n +pL+i)^- 

The metric is left invariant, that is d{q ■ pi,q ■ P2) = d{pi,p2), and the dilations satisfy 
d{Sr{pi), Sr{p2)) = rd{pi,p2)- The closed and open balls with respect to d will be denoted 
by B{p,r) and U{p,r). Moreover, we use the notation B{r) and U{r) when the centre p 
is the origin 0, which is the neutral element of the group. The Euclidean metric on 
will be denoted hj dE- 
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A subgroup G of H" is called homogeneous if it is closed and invariant under the 
dilations; Sr{G) = G for all r > 0. Every homogeneous subgroup G is a linear subspace 
of ]R^"+^. We call G a o?-subgroup if its linear dimension dimG is d. 

We denote 

T = {p elT : p' = 0} a.nd H = {p eir : p2n+i = 0}. 

Then T is a homogeneous subgroup but H is not a subgroup. We shall often identify H 
with M^n. 

If y is a d-subgroup of H", define the cone X{p, V, S) for p e H" and S e (0, 1) as 

X{p, V, S) := {qeW^: dist(p-^ ■ q,V) < Sd{q,p)}. (2.1) 

It follows that X(p, V,5)^p- X{0, V, 5). 

We shall denote by G{m, k) the Grassmannian of A;-dimensional subspaces of and 
G{m) := U]^^QG{m, k). Then G{m) is a compact metric space, for example with the 
metric p, p{V, W) = \ \Pv ~ Pw\\, where Py is the orthogonal projection onto V and || • || 
is the operator norm. 

Definition 2.1. For L e G{2n), denote 

Vl = {p eW : p' e L} = L X T. 

Every such is a homogeneous subgroup and it will be called vertical. 

Definition 2.2. For d e [1, 2n] let 

Vd^{VL:LeG{2n,d-l)}. 

Each vertical subgroup in Vd is a d-subgroup with metric (Hausdorff) dimension d + 1. 
Moreover, let 

trVd = {a - 14 : a e H",L e G{2n,d-1)}. 

The homogeneous subgroups of H" which are not vertical are called horizontal. They 
are linear subpaces of H, that is, they belong to G{2n). A subspace L e G{2n) is a 
(homogeneous) subgroup if and only if A{p, q) = Q for all p,q E L. 

Definition 2.3. For d G [0, 2n] let 

Wd = {G C H" : G is a horizontal subgroup of H" such that G e G{2n, d)}, 

and 

tr = {a ■ G : a e H", G e W^}. 

We denote by Gr{n, m) the set of homogeneous subgroups of of Hausdorff dimension 
m. It is a closed subset of G(2n + 1). The Haar measures of 1/ e Gr{n, m) are the positive 
constant multiples of W^\y , the restriction of the m-dimensional Hausdorff measure l-L^ 
to V. We denote the set of all such Haar measures by 'H{n, m). 

Lemma 2.4. Let L e G(2n) such that L is not a subgroup of H". Then there exists 
p & L such that every sequence (rj) of positive numbers tending to has a subsequence 
{vi.) such that for some vertical subgroup M with dimM = dimL, 

^i/ri.{p~^L) — >■ M as j — >■ oo. 
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Proof. Since L is not a subgroup there exist p,q & L such that p^^q ^ L. That p,q & 
L,p^^q ^ L means that A{p, q) ^ 0. Let Pi = p + rfq G L. Then 

'^i/r, (P"' ■ P^) = inq', -Aip, q)) -> (0, -Aip, q))eT\ {0}. 
We can take a subseqence (rj^.) of (rj) such that the hnear subspaces ^i/r-i^ (p^^L) converge 
to some hnear subspace M of M^""*"^. Then T C M C Vl and dimM = dim^i/r^, {p~^L) = 
dim L for all j . □ 

Definition 2.5. The s-Riesz kernels in H", s G (0, 2?t, + 2], are defined as 

Rs{p) = {Rs,i{p), • • • , i?s,2n+i(p)) 

where 

= II ii'.i for i = 1, . . . , 2n 
and ^ 

-Rs,2n+l(p) = 



s+2 

Notice that these kernels are antisymmetric, 

Rs{p-') = {Rs{p)r\ 

and s-homogeneous, 

Rs{Sr{p)) = Sj^iRs{p)). 

Definition 2.6. For a Radon measure /x in H", define the truncated s-Riesz transforms 
for / G by 

K{f){p) = {KAfMtT ^ 

where 

^s,(/)(p)= /" RsAp-'-q)f{q)dn. 

Jw^\B{p,e) 

The maximal s-Riesz transform is given by 

Kum = {KAf)(p))T=T 

where 

KAf)(P) = sup \KAf)(P)\ for ^ = 1, . . . , 2n + 1. 

e>0 

The maximal operator TZ* is said to be bounded in if the coordinate maximal 

operators TZ* ^ are bounded in for alH = 1, . . . , 2n + 1. 

Remark 2.7. As an application of the Tl theorem in spaces of homogeneous type, see 
|DHj . it follows that if m G N fl [l,2n + 2] the maximal m-Riesz transforms TZ^ are 
bounded in for all fi G 'H{n,m). 

Let /i be a Radon measure in H". The image under a map / : H" — ?■ H" is the 
measure on H" defined by 

f#^i{A) = ^i{r\A)) for all AcW. 

For a G and r > 0, T^,^ : H" H" is defined for all p G H" by 
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Definition 2.8. Let /i be a Radon measure on H". We say that u is a tangent measure 
of /i at a G if z/ is a Radon measure on witli //(H") > and tliere are positive 
numbers q and r,, i = 1, 2, . . . , such that — > and 

CiTa^ri#fi — >■ weakly as i — )■ oo. 

We denote by Tan(yU, a) the set of all tangent measures of fi at a. 

The numbers Cj are normalization constants which are needed to keep u non-trivial and 
locally finite. Often one can use q = fi{B{a,ri))~^ . The following lemma follows as in 
Remark 14.4 in [M2] . 

Lemma 2.9. Let /i be a Radon measure on H" and s > such that for fi a.e. p G M^, 

< limmf < limsup < oo. 

Then for /i a.e. a G H" for every i/ G Tan(/i, a),0 G spt i/, and every sequence (r^) of 
positive numbers tending to has a subsequence (r^J such that for some positive number 
c, 

u = c lim r^^'Ta,r,jfJ^. 

Definition 2.10. Let be a Radon measure on H". We say that u is an iterated tangent 
measure of /i at a G H'^ if there are Radon measures ui, . . . ,1/^ and points Pi G spt z/j, z = 
1, . . . , m — 1, such that u = Um and 

z/i G Tan(/i, a),i/2 G Tan(z/i,pi), . . . , i/^ G Tan(z/m_i,pm-i)- 

We denote by itTan(/x, a) the set of all iterated tangent measures of /i at a. 

Lemma 2.11. Let be a Radon measure on H". Then for fi a.e. a G H", itTan(/i, a) C 
Tan(/i, a). 

Proof. By a result of Preiss in (see (Pj or |M2] ) generalized to metric groups in jM4] 
the following is true: for /z a.e. a G M^,a G Tan(/i, a) whenever u G Tan(/i, a),p G spt z/ 
and cr G Tan(i/, p). Let a be such a point and 

z/i G Tan(/i, a),z/2 G Tan(z/i, pi ),..., z/^ G Tan(z/m_i,pm_i) 

with Pi G sptz/j for z = 1, ... ,m — 1. Choosing above u = ui and a = z/2 we have 
z/2 G Tan(/x, a). Further, choosing u = 1^2 and a = 1/3 we have z/3 G Tan(/i, a). Continuing 
this, we get z/^ G Tan(/i,a). □ 

Remark 2.12. We would like to thank Enrico Le Donne for the observation that the above 
lemma is valid. It was also proved and used in a different setting in [AKL] . 

3. TANGENT MEASURES AND S-RlESZ TRANSFORMS 

Theorem 3.1. Let s G (0, 2n + 2) and let /i be a Radon measure in H" satisfying for /i 
a.e. p G H", 

n / r ■ ff^iB{p,r)) fi{B{p,r)) 

< limmf <limsup < 00. (3.1) 
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and 
Then 
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sup 

0<£<1 



Rs,iip ■ 1)^1^1 



B(p,l)\Bip,e) 



2n+l 



< OO. 



(3.2) 



(i) s is an integer in [1, 2n + 1], 

(ii) for /i-a.e. a G H", the set of tangent measures of /x at a, Tan(/i,a), contains 
measures in l-lin^s). 

Note that (13. 2p is satisfied if 7^* is bounded in Iv^(/i). 

Proof. The assumption (13. 2p is equivalent with, 

(p-i ■ q) 



sup 

0<e<l 



and 



< OO for z = 1, .., 2n 



sup 

0<e<l 



(p,l)\B(p,e) lb ^ ■ (l\ 



dfiq 



< OO. 



(3.3) 



(3.4) 



Lemma 3.2. Under the assumptions of Theorem 13. for /i a.e. a G every u G 
Tan(/i, a) is an s-AD regular measure and there is M < oo such that, 



sup 

0<r<R<oo 



B{x,R)\B{x,r) 



\ 2n+l 



i=l 



< M for all X G spt z/. (3.5) 



Proof. One can prove that when (13. ip is satisfied for fi a.e p G H", then for /i a.e. a G H" 
every z/ G Tan(yU, a) is s-AD regular in an analogous way as in |M2] . p. 190. Furthermore 
the proof of this statement has very similar reasoning with the proof of (13. 5p . 
To prove (13. 5p . let e > and set 



-B = {p G spt /i : sup 

0<5<1 



B{p,l)\B{p,5) 



2n+l 



i=l 



< M} 



where M is a positive constant that can be chosen such that yu(EI"' \B) < e. Furthermore 
it is enough to consider the density points of B, i.e. the points a E B such that 

r->-0 r^ 

For such a point a G -B let z/ G Tan(/i,a). Then, by Lemma l2.9[ there exist a positive 
number c and a sequence of positive reals (rj) such that — )■ and 

z/ = lim cr~^Ta,r„tfJ'- 

Let X G spt z/. As in the proof of Lemma [2.101 there exists a sequence (aj) G B such 
that 

a^i := 5±{a^^ ■ Oi) — )■ x. (3.6) 
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Now let < r < i? < oo be such that v{dB{x, r)) = v{dB{x^ R)) = 0, which is true for 
all but countably many < r < R < oo. For j = 1, .., 2n, 



{x 1 • y)j 



R)\B{x,r) \\x ^ ■ y\ 



jduy 



lim 

j— >CXD 



lim 

i—^oo 



lim 

i—^oo 



i^i ^ • y)j 



B(x,,R)\B{x„r) iFi ■ y\ 



-dvy 



1 a 



B{a-5r. {xi),Rri)\B{a-5r. ix,),rri) \\ [X 

■ y)j 



-'■6r(a-^-y)\\^+^ 



dfiy 



B{ai,Rri)\B(a,,rn) IWi ^ " 



djjy 



< 2M, 



where we used that x^^ ■ 6j_{a ^ ■ y) = 6i_{a^^ ■ y), ai = a ■ SrX^i) and Oj G B. In the 

second equality we have actually a double limit, but it is easily checked that it can be 
expressed as a single limit. 
In a similar manner, 



B{x,R)\B{x,r) \\x " 



lim 



jduy 



-1 



y) 



2n+l 



dfiy 



< 2M^, 



□ 



I B(a„Rn)\B{a„rr,) W^i " y\\ 

By approximation, these estimates for j = 1, 2n + 1 hold for all < r < i? < oo 

Proposition 3.3. Let L G G(2n,d) and let u be an s-AD-regular measure in H" such 
that ([33D holds. 

(i) If spt u cVl and spt z/ 7^ V^, 

then there exist b G spt z/ and a G Tan(i/, 6) such that either spt a C Vm for some 
M G G(2n, - 1) with M C L or spt a C L. 

(ii) If spt u G L and spt u ^ L, 

then there exist b G spt and a G Tan(z/, 6) such that spt cr C Vm for some M G 
^(271, d-l) with M C L. 

Proof. Given b G spt u and vr G Tan(z/, b), consider the following two statements: 

(iii) For some M G G{2n, d — 1) and every 6 G (0, 1) there exists e > such that 
spt 7rn 5(e) n G H" : dE{p',M) > S\\p\\} = 0, 

(iv) For every 5 G (0,1) there exists e > such that sptvr fl B{e) fl {p G H" : 
^/b^\>S\\p\\} = iD. 

We shall verify that in order to prove the proposition, it is enough to prove that there 
exist b G spt u and vr G Tan(z/, 6) such that (iii) or (iv) holds in the case (i) and (iii) holds 
in the case (ii). In order to see that this, suppose that b G spt u and vr G Tan(z/, b). Then, 
recalling Lemma l2T9| G sptvr. Let a G Tan(7r,0) be such that a = limj^oo ^To,r,,(tvr 

i 

for some sequence of positive reals (rj) such that 0. Consider first the case (i) 
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and suppose that (iii) holds. Then for all > 0, 5 G (0,1) and Gr§ = {p G U{R) : 
dE{p',M)>S\\p\\}, 

a{Gn,s) <l^mi\7r{T,-l{Gn,s)) 

< liminf-7r({p G : 5±(p) G B(R) and ds ( -,M ) > 6\\6±(p)\\}) 
= liminf ^TiiBinR) n {p G : ^^(p', M) > 5||p||}) 

i—^oo T- 

= 0, 

where the last equality follows by (iii). Since a{GR^s) = for all i? > and 6 G (0, 1) we 
deduce that spt a C Vm- In the same way (iv) implies that spt a <Z H. Clearly spt u C Vl, 
and so spt a C H n L. 

As a is a tangent measure of tt G Tan(z/, b) at 0, it is easy to check that a G Tan(z/, b), 
whence we have verified in the case (i) the sufficiency of the conditions (iii) and (iv). In 
the same way (in) suffices in the case (n). 

Suppose that spt u <zVl and spt y ^Vl, and by way of contradiction assume that for 
all b G spt z/, all vr G Tan(i/, h) and every M G G{2n, d — 1) there exist St^^m, 5t^h ^ (0; 1) 
such that for all £ > 

B{e) n spt TT n {p G H" : (i^;(p', M) > 5,,m\\p\\} + (3.7) 

and 

B{e) n spt vr n {p G : Vb2n+i| > WvW } ^ 0- (3-8) 
We proceed with a geometric lemma, but first we introduce some notation. We denote 
by (•, •) the usual inner product in R^". For c G H", define 

«j(c) = |c + C2.„+iC„+j for j = 1, . . . , n, 
Oi(c) = |c'pCj - C2n+iCj_n for j = n + 1, . . . , 2n, 
a(c) = (ai(c),...,a2n(c)), 
L(c) = {yGR2":(a(c),y) = 0}, 
F+(c) = {yGe":(a(c),y)>0}, 
V7(c) = {|/GM'^:(a(c),|/)<0}, 
i/+(c) = G H'^ : i/2„+iC2„+i > 0}, 
i/-(c) = {2/GH'^:|/2„+iC2„+i<0}. 
Lemma 3.4. Let L G G(2n, o?) and c G Vl \ T. Then dimL n L(c) < d. 

Proof. From the definition of a(c) we see that (a(c), c') = |c'|^ > 0. Hence c' G L \ -L(c), 
which implies the lemma. □ 

Lemma 3.5. Let L G G{2n, d),b,c E Vl, r > and let the sequences (pi) G Vl, (n) G M.'^ 
be such that 

(i) bedB{c,r), 
(n) (i(pj, c) > r for all i G N, 
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(iii) liiiii^oo Pi = b, 

(iv) limi^oo ri = 0, 

(v) liiiii^oo S± ■ Pi) = p*. 

If 6-1 ■ c ^ T then G 14 n V'^^^.^^y If fe-^ ■ c G T, then G H-{b-^ ■ c). 

Proof. Replacing c hj b^^ ■ c and Pi by b^^ ■ Pi, we may assume that 6 = 0. First assume 
that c ^ T. Then as d{pi, c) > r and d{0, c) = r 

\p'i - C'\'^ + \Pi,2n+l - C2n+1 - A{pi, c)f > / (3.9) 

and 

\cf + \c2n-,i\' = r\ (3.10) 

Here (13. 9 p can be written as, 

\pT + \cT + 2\pm' - 4{p[, c'M\' - 4{p[, c')\cf + 4{p[, c'f 

+ \Pi,2n+l? + \c2n+l? " 2pi,2n+lC2„+l " 2pi,2n+l^(Pi, c) 

+ 2C2n+lv4(pi, c) + A(pi, c)2 > r\ 
After using (I3.10p . dividing by and letting i — > oo we obtain, 

-2(a(c),p*) = -2|cf (p:,c') + C2„+iA(p:,c') > 0. (3.11) 



Therefore G ^^(c)- So the lemma is proven in the case c ^ T. 

Now let c G T. As in the previous case, combining that c' = 0, (i(pj, c) > r and 
d(0, c) = r, we get 

bil^ +Pi,2n+1 - 2pi,2n+lC2„+l > 0. 

After dividing by rf and letting i — )■ oo we conclude that 

C2n+lP*,2n+l < 0. 

As C2n+1 7^ 0, G H'{c). □ 

As spt u <zVl and spt 7^ Vl there exist 6, c G H" and r > such that 

b G i?(c, r) n spt z/, 
f/(c, r) n sptz/ = 0. 

If we have (ii) of Proposition 13. 3[ that is, spt v d L and spt z/ 7^ L, we can take c & L, 
and so b~^ ■ c ^ T. 

We first consider the case when b'^ • c ^ T. We shall prove that if A G Tan(i/, b), then 
spt A C V^"^5-i.c) n Vl and dim L{b'^ ■ c) n L < d. (3.12) 



As A G Tan(z/, 6), by Lemma [2. 9 [ there exist positive numbers C and rj, rj — 0, such that 
A = limi^oo C ^Tb^ni^^ ■ Then for all i? > 0, 5 G (0, 1) and 

i 

Gr,s = U{R) \ n{pe H" : dEip',L{b-' ■ c)) > 5\\p\\}, 
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we get 

C ^\{Gr^s) 

<\\raM\u{T,X{Gn,8)) 

I 

= Yimmi\u{U{h,nR) ^ {p eW : h'^ ■ p i V[^^_,,^ydE{{h'^ ■ p)\L{h-^ ■ c)) > Sd{b,p)}). 

Therefore, in order to prove the inclusion in (13.121) . it is enough to show that there exists 
some £ > such that, 

sptz/n 5(6,£) n{pe H" : e V+,_,,^^,dE{{b"^ ■ p)' , L{b'^ ■ c)) > 6d{b,p)} = 0. 

By way of contradiction suppose that there exists a sequence (pi) G IH[",pj — )• b, satisfying 
for all i G N, 

(i) Pi G sptz/ C H" \ f/(c,r), 

(ii) e 

(iii) dE{{b~^-p,y,L{b-'-c))>6d{b,Pi). 

The new sequence 6 i (b^^ ■ Pi) G B{1) has a converging subsequence and for simpli- 

d{b-i,Pi) 

fying notation we write, 

5 1 {b"^ -Pi) p*. 

d(6-l,p,) 

Notice that by (ii) and (iii) p^ ^ ^l(6-1c)- -^^^ Lemma [331 p^^ G V^^-i.c) ^ind we 
have reached a contradiction. Recalling Lemma [3. 4[ (I3.12p follows. 

Combining (13. 7p and (I3.12p we obtain that there exists 5 = 5A,L(fe-i c) ^ (0, 1) such that 
for all r > 

spt A n B{r) n V-^_,,^^ n {j9 G e'^ : ^^(p', L{b-' ■ c)) > S\\p\\} ^ 0. 

Without loss of generality we can assume that V2'(ft-i.c) = {p G H" : p2n > 0}. Hence 
there exists a sequence (xj),Xj — )■ 0, such that for all i G N, 

G spt A n G e" : p2n > 5\\p\\}- 

Furthermore this sequence can be chosen to satisfy, 

||xi|| > ||a;2|| > .... 
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and the balls Bi = Bi be assumed to be disjoint and contained in 5(0, 1). 

Then for all /c G N, by the AD-regularity of A, 



/ 

Jb(o,i 



y2n 



(o,i)\B{o,-^) \\y\ 



,_i Jb 



y2n 



\s+l 



d\y 



where C is independent of k. Hence 



1 Jb, \\y\ 

k 5\\xi\\ 

- 3^+i||!.,ii^+i 

i=l 2=+i 



i=l 



\X 



.\\s+l 



Ck, 



lim 



2/2n 



JB(o,i)\ij(o,^) \\y\ 



jdXy = oo. 



This is a contradiction by Lemma [3.21 as G spt A. 

We are now left to consider the case when b^^ ■ c G T. In an identical way as in the 
proof of f l3.12p we can show that if A G Tan(i/, b), 



sptA C H-{b-'-c). 



(3.13) 



Combining fl3.8p and (13.131) we deduce that there exists some 6 = 6x such that for all 
r > 0, 



spt A n B{r) n {p G e" : p2n+i > 0, > 6\\p\\} 7^ 



(3.14) 



assuming that H^{b^^ • c) = {p G H" : P2n+i > 0}. Finally in order to complete the 
estimates, which are otherwise identical with the ones in the case where b~^ ■ c ^ T, we 
need the following simple lemma. 

Lemma 3.6. Let x G and 5 G (0, 1) such that X2n+i > and y/x>2n+i > ^W^W- Then 



for all y G B{x, ^^) 



lOOn ^' 



l/2n+l > 



S^Wxl 



Proof. As, 



|l/2n+l - a^2n+l| < \\y ' X || + 2 



El!/' 

i=l 



i-^i+n yi+ri'^i 
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for y G B{x, we get, 



|l/2n+l - X2n+l\ < Wv ' X 



-1 1|2 



i=l 



— \\y ' II ~l~ 2 ^ ^ X j 1 1 Xi^n I ~l~ I Xi^n Ui+n \\Xi 



i=l 
n 



< ||yx-i2 + 2^2| 



< 



i=l 



lOOn 



< 



(100n)2 
5'lla;||2 



+ 



25 



Therefore, 



10 

l/2n+l > a;2n+l ^"^^ > ' • 



□ 



By fl3.14p . there exists some sequence G spt A such that y^x^^in+i > ^\\xi\\ for all 

i G N and a;,- — t- 0. As before we can assume that 



and the balls Bi = B{xi, ^tt^) are disjoint and contained in -8(0, 1). Then for all A; G N, 



B(0 



I^dXy >y [ ^^dXy 



k 
i=l 



6'^\\xi 



2 ■ 2 



s+21 



> 



\Xi \\Xi 



i=l 



Xi 



\s+2 



Ck, 



where we used Lemma 13.61 in the third inequality and C > is independent of A;. As in 
the previous case we have reached a contradiction by f l3.2p . The proof of Proposition 13.31 
is now complete. 

□ 



We now continue with the proof of Theorem 13.11 We first apply for fi a.e. a G H" 
Lemma [3.21 to get an s-AD- regular u G Tan(/i, a) with the property (13. 5p . Then we apply 
to z/, to its tangent measures, and so on. Proposition 13.31 sufficiently many times to find 
for fi a.e. a G H" an integer d G [l,2n],L G G{2n,d) and vr G itTan(yU, a) such that 
denoting V = spt n, V = Vl or V = L. If V = L and L is not a subgroup, we take 
a tangent measure p G Tan(7r,p) at a point p G L as in Lemma |2.4[ Then by Lemma 
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12.41 its support is Vm for some M G G{2n,d — 1). Thus in any case we find for /x a.e. 
a e an integer d' G [l,2n],L G G{2n,d') and p G itTan(/i, a) such that denoting 
V = spt p, V = Vl or V = L and L is a homogeneous subgroup. As p is AD-regular, s 
must be the Hausdorff dimension of V, that is, s = d or s = d+ l and so s is an integer. 
Furthermore, by the AD-regularity, p is absolutely continuous with respect to W [V with 
bounded density h. Taking a tangent measure at a point of approximate continuity of 
h we obtain cr G Tan(p, 6) C itTan(/i, a) such that a = W[V G ^{n^s). Applying still 
Lemma 12.111 we find that p has almost everywhere tangent measures in 7i{n,s). This 
completes the proof of Theorem 13.11 

□ 

4. RiESZ TRANSFORMS AND SELF-SIMILAR SETS IN H" 

In this section we consider certain families of self-similar sets in H" and we discuss their 
relations with the Riesz transforms that we introduced earlier. 

Definition 4.1. Let Q = [0,1]^" c M^" and r G (0, i). Let zj G M2",j = 1,...,22", be 
distinct points such that zj^i G {0, 1 — r} for all j = 1, .., 2^" and z = 1, .., 2n. We consider 
the following 2^""*"^ similarities depending on the parameter r. 





= 'r(z,fi)Sr, for j = 1, . 


c\2n 
.., Z , 






s, 




= 2^" + 1, 


,...,2. 


■ 2^^^, 


s, 




= 2-22" 


+ 1,., 


..,3-22" 






= 3-22" 


+ 1,.. 


92n-|-2 



where \_j\m '■= j mod m. 

Theorem 4.2. Let r G (0, |) and 5^. = {5*1, 5'22n+2} where the Sj^s are the similarities 
of Definition 14.11 Let Kr be the self-similar set defined by, 

22n + 2 

Kr= \J S,{Kr). 

Then the the sets Sj{Kr) are disjoint for j = 1, .., 2^"+^, 

oo 22"+2 

and 

< n^K.) < oo with a = + 

Proof. It is enough to find some set i? D such that for all j = 1, .., 2^"+^, 

(i) Sj{R) C R and 

(ii) the sets Sj{R) are disjoint. 
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see [S] and [BRj . Using an idea of Strichartz from [Stj we show that there exists a 
continuous function ip : Q ^M. such that the set 

R = {qeir -.q' eQ and ip{q') < gsn+i < ^{q') + 1} 
satisfies (i) and (ii). 

This will follow immediately if we find some continuous ip : Q ^ K. which satisfies for 
all J = 1,.., 22", 

^,^,o)Sr{R) = {qe e" : q' G Qj and ^{q') < q^n+i < v{q') + r'}, (4.1) 
where Qj = T(zj,o){K{Q))- Since 



r(z,,o)Sr{R) = {pelT -.p' e Qj and rV( -) - 2 ^{zj^iPi+n - Zj^i+nPi) < P2n+i 

i=l 

' — Z " 



i=l 

proving (14. ip amounts to showing that 



ip{w) = rV( -) -2^{zj^iWi+n - Zj^i+nWi) for w e Qj,j = 1, .., 2^". (4.2) 

i=l 

As usual for any metric space X, denote C{X) = {/ : X — )■ R and / is continuous}. 
Let B = U'jJ^iQj and L : C{B) C{Q) be a linear extension operator such that 

L{f){x) = f{x) for X e B 

and 

ll^(/)l|oo = ||/||oo. 

Since the Qj's are disjoint the operator L can be defined simply by taking e > small 
enough and letting 

f{x) when x G -B, 

L{f){x) = { £^il|(^/(5) ^hen < dist(x,5) < e, 
when dist(x, i?) > e, 

where x E B and dist(x, B) = d{x, x). 

Furthermore define the functions h : B ^ M., f : B ^ M., 

n 

h{w) = -2 ^{zjAWi+n - Zj^i+riWi) for W G Qj, 
1=1 

f(w)=r'fi- 1) for / G CiQ),w G Q„ 

r 



and the operator T : C(-B) — ?■ C{Q) as, 

T(/) = L(/ + /i). 
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Then 

71 

T(/)(w) = rV( -) - 2^(zj-jWi+„ - Zj^i+nWi) for w G Qj, 

^ i=l 

and for f,g e C{B) 

\\Tf-Tg\\^=\\Lif-~g)\\oo=\\f-g\\oo<r'\\f-g\U 
Hence T is a contraction and it has a unique fixed point ip which satisfies f l4.2p . □ 
Let S = {Si, .., Sn} be an iterated function system (IFS) of similarities of the form 

Si = Tg^ o 6r^ (4.3) 

for qi G H", i = 1, ..,N and < ri < ... < r^v < 1- The IFS S is said to satisfy the open set 
condition if there exists a bounded non- empty open set O C H" such that U^^^SiiO) C O 
and Si{0) n Sj{0) = for i ^ j. It follows by [BR] that if K C H" is the invariant set 
with respect to S, and S satisfies the open set condition then, 

< n''{K) < oo 

where a is given by 

N 



i=l 



Recalling Definitions 12.21 and 12.31 our next result reads as follows. 

Theorem 4.3. Let S be an IFS of contractive similarities as in (14. 3 p that satisfies the 
open set condition, and 

< n'^iK) < oo where m e N H [l,2n + 1]. 

If K is not contained in any F G trV^-i U trWm then for all k ^ K, every u G 
Tan(?{™ [K, k) and every G G Vm-i U satisfy 

spt z/ \ G 7^ 0. 

Therefore Tan('H'" [K, k) n nin, m) = 0. 

Proof. The proof follows the reasoning developed in [Mlj . where a rigidity result for 
Euclidean self-similar sets is proven. Assume without loss of generality that diam(ir) = 1, 
let k E K and G G Vm-i U Wm- As is not contained in any F G tr V^-i U tr Wm there 
exist E G K, 

E = {oi, .., am+2}, 

and < p < 1 such that for all F G trV^-iUtr Wm there exist Oj = ai{F),i = 1, ..,m + 2, 
such that, 

dist(ai,F) > p. (4.4) 
Furthermore there exist < ro < | and r] > 0, such that 

n'^{K n 5(ai, ro)) > r/ for i = 1, . . . , m + 2. (4.5) 
Recall that the contraction ratios satisfy, 

< ri < ... < rjv < 1 
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and let < r < ri. For any word a = (oi, . . . , a^), cti € {1, . . . , A^}, m G N, denote 
ra = i^ai ■ ■ ■ and Aa = Sa{A) for any set A C H". Let a be a minimal word such that 

keK^cB{k/-). 



Then it follows that 

r„, < 

2 - n 



r Trt 



Notice also that for any map of the form, 

S = Tqo 5r ioi qeW\r>Q, 

S{F),S-\F) G trV^ if F e trV^,m G [l,2n] 

and 

S{F),S-\F) G trW™ if F G trW^,m G [0,2n]. 

Therefore S~'^{k ■ G) G tr Vm_i U tr and by fOD there exist Ui e E,i = 1, ..,m + 2, 
such that 

dist{ai, S~\k ■ G)) > p. 

Therefore, 

B{Sa,ai, r„ro) C B{k, r) \ {x G H" : dist(x, k-G)<^}. (4.6) 
This follows because for x G B{Saai,raro), 

d{x, k) < d{x, Sadi) + d^Sadi, k) < r^ro + < r, 

and 

dist(x, k ■ G) > dist(S'Qaj, k ■ G) — d{x, Sadi) 

= radist(ai, S~^{k ■ G)) - d{x, S^ai) > 

Hence for 5 = by gj]) and flTHjl . 

n^'iK n B{k, r) \ X{k, G, 6)) > K^{K n B{k, r)\{xeW : dist(a;, k ■ G) < 5r}) 

>U^{K^r\B{S^ai,r^r^)) 

= C'H^\KnB{a„ro))>vC 

Therefore there exist C > and 5 G (0, 1) such that if < r < ri 

7{-(i^ni?(A:,r)\X(A;,G,^)) ^ ^ 



Finally let u G Tan('H™[-ft', /c) and recalling Lemma [2. 9[ 

i/ = clim — Tfc^jH'^lir, 



SINGULAR INTEGRALS ON AD-REGULAR SUBSETS OF THE HEISENBERG GROUP 



17 



for some positive numbers c, (rj) with rj — )■ 0. Then 

u{BiO, 1) \ X(0, V, S)) > chmsup ^^'"(K n T,XiB{0, 1) \ X(0, G, S))) 

= chmsup -^n'^iK n Bik, r-i) \ X{k, G, 6))) 
> cG. 

Therefore spt v (^G and the proof is complete. □ 

As an immediate corohary of Theorems 13.11 and 14.31 we obtain. 

Corollary 4.4. Let S be an IFS of contractive similarities as in (14. 3 p that satisfies the 
open set condition, and 

< W{K) < oo where m G M n [1, 2n + 1]. 

If K is not contained in any translated (m — l)-vertical or m-horizontal group, i.e. K (f_ 
G for all G G trVm_i U tr Wm, then the m-Riesz transforms TV^ are not bounded in 

In particular if /i is the natural measure on the m-dimensional Cantor-like sets of 
Theorem 14. 2 [ then the m-Riesz transforms T^J^ are not bounded in L'^{fi). 
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